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Stochastic Programming

minimize Ep|y(X,¢)]
XeX
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» y(x,¢) continuous in x
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Stochastic Programming

minimize c¢(x, P)
xeX

Objective:  c¢(x,P) = P(i) y(x, )

Optimizer: x*(IP) € argmin c(x, P)
xeX
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Separation of Estimation and Optimization

D > 4
—_—

training data ~ P’

Phase 1:

Phase 2:
" objective c(x, Pegt)

estimator Py =P

_ optimizer x* (Pest)

— Estimator not tailored to optimization problem!



Predictors & Prescriptors

Idea:
> Predictor: c(X, &1y, €7)

2 Prescriptor: )/\((61 e e §T) ~ argmin é(X, 617 R fT)
xeX



Predictors & Prescriptors

Idea:
> Predictor: c(x,&y,..-,&7)

> Prescriptor:  X(&4,...,¢7) € argminc(x,¢q,...,¢7)
xeX

“Compressing” the statistical information:
training samples empirical distribution
e
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Data-Driven Predictors & Prescriptors

Definition:
> Predictor:  ¢(x, P7)

> Prescriptor:  x(Ir) € argmin ¢(x, Ir)
xeX

“Compressing” the statistical information:
training samples empirical distribution
e
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Data-Driven Stochastic Programming

" predictor ¢(x, P7)

617627"'7§T —>

N 7
—_——

training data ~ PN

_prescriptor X(Pr)

Examples:

> SAA predictor e(x, Pr) = c(x,P1) = } L4 Y(%, &)
> Plug-in predictor  ¢(x, P7) = ¢(X, Pest(P7))

> DRO predictor  &(x,P7) = max c(x,P)

> efc.



Out-of-Sample Disappointment

.27
Mean-squared error: Ep= ||c(x,P) — ¢(x,P7)




Out-of-Sample Disappointment

.2
Mean-squared error: Ep= ||c(x,P) — ¢(x,P7)

> &(x, Pr)
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Positive surprise Disappointment



Out-of-Sample Disappointment

.2
Mean-squared error: Ep= ||c(x,P) — ¢(x,P7)

> &(x, Pr)
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Positive surprise Disappointment

Out-of-sample disappointment: P {c(x, P) > ¢(x, EDT)}



Partial Orders for Predictors & Prescriptors

c1less conservative than c,:

c1 =c Co <—  ¢q(x, IP)/) < Co(X, IP)/) Vx, P’



Partial Orders for Predictors & Prescriptors

c1less conservative than c,:

&1 =c &2 <

C1 =<¢ Cy C1, Co incomparable



Partial Orders for Predictors & Prescriptors

c1less conservative than c,:

&1 =c &2 <

61 =c 62 61,&2 incomparable

(€1, X1) less conservative than (¢,, X»):

(61,5(1) <y (62,3(2) <> 61 ()A(1 (P/),P/) < 62(3(2(P/),P/) VP’



Optimizing over Optimization Problems

The best predictor:

minimize <,
cecC - :
subjectto limsup 7_Iog P (c(x, P) > é(x,]fpr)) < —r Vx,P
T— o0



Optimizing over Optimization Problems

The best predictor:

minimize <,
cecC - :
subjectto limsup 7_Iog P (c(x, P) > E:(X,I@)T)) < —r Vx,P
T— o0
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disappointment
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Optimizing over Optimization Problems

The best predictor:

minimize <,
cecC - :
subjectto limsup 7_Iog P (c(x, P) > é(x,]fpr)) < —r Vx,P
T— o0

Weak solution:

X, P’

— ¢ infeasible



Optimizing over Optimization Problems

The best predictor:

minimize <,
cecC - :
subjectto limsup = log P (c(x, P) > é(x,]fpr)) < —r Vx,P

T— o0 T
Weak solution: Strong solution:
C
&*
X, P’ X, P’
c <¢c C* =— cinfeasible ¢ feasible — c¢* <. ¢



Optimizing over Optimization Problems

The best predictor:

minimize <,
cecC - :
subjectto limsup 7_Iog P (c(x, P) > E:(x,]fbr)) < —r Vx,P
T— o0

The best predictor-prescriptor pair:

minimize <. (C, X
(6,%)EX < (6%

N A N
A

1 . )
subjectto limsup = log P (c(x(IPT),IP) > C(X(PT),]PT)) < —r VP
T— o0 T



Large Deviation Principles

| N - ts 11()
Relative entropy: I(P',P) = ;]P (i) log (P(i) )



Large Deviation Principles

d .
IP)/
Relative entropy: I1(P',P) = E P’ (i) Iog( (I)>
=1

/\/ \,\ . P(i)

estimator data-generating
realization distribution



Large Deviation Principles

| R 4 ()
Relative entropy: I(P',P) = ;]P (i) log (P(i) )

Weak LDP: If £,,&,,... ~ Pi.i.d. and D C P, then:

1 A
" L o0 < o /
IerrLs;Jop TIogIP (PreD) < P!r;g) I(IP", IP)

1 A
" . _ OO > L . /
“TTDJ TIogIP (PreD) > P/é?nftp I(IP", P)




Large Deviation Principles

P(3)

P>®(Pre D) ~e T

r= inf I(PP",P)
P"eD




Distributionally Robust Predictors/Prescriptors

Distributionally robust predictor:

c(x,P”)= max c(x,P) X-(PP") € argmin c,(x, ")
PeP XEX
st. I(P,P)<r
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Distributionally robust predictor:
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realization



Distributionally Robust Predictors/Prescriptors

Distributionally robust predictor:

c(x,P”)= max c(x,P) X-(PP") € argmin c,(x, ")
PeP XEX
st. I(P,P)<r

Reverse distributionally robust predictor:

& (x,P)= max c(x,P) x(P") € argmin &(x, )
PeP xeX
st. I(P,P)<r



Distributionally Robust Predictors/Prescriptors

Distributionally robust predictor:

c(x,P”)= max c(x,P) X-(PP") € argmin c,(x, ")
PeP XEX
st. I(P,P)<r

Reverse distributionally robust predictor:

& (x,P)= max c(x,P) x(P") € argmin &(x, )
PeP xeX
st. I(P,P)<r

estimator /\/

realization



Optimizing over Optimization Problems

Meta optimization problem (MOP):

minimize <,
cecC - :
subjectto limsup 7_Iog P (c(x, P) > é(x,]fpr)) < —r Vx,P
T— o0



Feasibility

Theorem: If r > 0, then ¢, is feasible in (MOP).



Feasibility

Theorem: If r > 0, then ¢, is feasible in (MOP).

c(x,P) >c(x,l”) = cx,P)> gg]ga%({c(x, Q) : I(P,Q) <r}

— I(P,P)>r



Feasibility

Theorem: If r > 0, then ¢, is feasible in (MOP).

c(x,P) >c(x,P) = c(x,P)>max{c(x,Q):I(P,Q)<r}

QeP
— (P, P)>r

P'(3)
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Theorem: If r > 0, then ¢, is feasible in (MOP).

c(x,P) >c(x,P) = c(x,P)>max{c(x,Q):I(P,Q)<r}

QeP
— (P, P)>r




Feasibility

Theorem: If r > 0, then ¢, is feasible in (MOP).

c(x,P) >c(x,P) = c(x,P)>max{c(x,Q):I(P,Q)<r}

QeP
— (P, P)>r

1
lImsup —
T—>c>op T
Iimsup1
T— o0 T

- / ] / o
—PI/QI;D {I(IP,IP) : [(P', P) > r} < —r

log P>° (C(X, P) > &(x, I@)T)>

VAN

log P>° (I(I@T, P) > r)

VAN




Optimality

Theorem: If r > 0, then ¢, is strongly optimal in (MOP).



Optimality
Theorem: If r > 0, then ¢, is strongly optimal in (MOP).

& £e & = 3Ph: E(xPh) < (X, )



Optimality
Theorem: If r > 0, then ¢, is strongly optimal in (MOP).

CrAcCc = 3Ix,Py: c(x,P) < max {c(x,P) : I(P,, P) < r}
q



Optimality
Theorem: If r > 0, then ¢, is strongly optimal in (MOP).
CrAcCc = 3Ix,Py: c(x,P) < max {c(x,P) : I(Py,P) < r}
— TPy ¢(x,P)) < c(x,Po) and L(P),Py) =ry <r

P'(3)




Optimality
Theorem: If r > 0, then ¢, is strongly optimal in (MOP).
CrAcCc = 3Ix,P,: c(x,P) < max {c(x,P) : I(Py,P) < r}
— TPy ¢(x,P)) < c(x,Po) and L(P),Py) =ry <r

D(x, Py) P (3)
— {IP)/ c P C(X7 IPDO) > 6(X7 P/)}




Optimality
Theorem: If r > 0, then ¢, is strongly optimal in (MOP).
CrAcCc = 3Ix,Py: c(x,P) < max {c(x,P) : I(Py,P) < r}
— TPy ¢(x,P)) < c(x,Po) and L(P),Py) =ry <r

D(x, Py) P (3)
— {IP)/ c P C(X7 IPDO) > 6(X7 P/)}

P eint D(x,Py)
] 5
< liminf = log P§° (IP’T € D(x, IP)0))
T—o0
1

< limsup = log P&° (EDT c D(x, IP)o))
T— o0 T




Properties of Optimal Predictor

> Unique strong solution of (MOP)
» Has distributionally robust interpretation
< Worst-case expectation over relative entropy ball
< r = decay rate of out-of-sample disappointment
» Tractabillity
- Convex program for generic P’
- SOCP with O(T) hyperbolic constraints for empirical P’

» Explicit finite sample guarantee (no unknown constants)
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