
From Data to Decisions: 
Distributionally Robust Optimization is Optimal 

Bart Van Parys, Peyman Mohajerin Esfahani, Daniel Kuhn 

Risk Analytics and Optimization Chair 
École Polytechnique Fédérale de Lausanne 

rao.epfl.ch

http://rao.epfl.ch


Stochastic Programming

Applications:

Supply Chain Mgmt. Portfolio Mgmt. Machine Learning

γ(x, ξ) continuous in x

ξ � {1, . . . , d}
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Stochastic Programming

Applications:

Supply Chain Mgmt. Portfolio Mgmt. Machine Learning

minimize
x�X

c(x, P)

Objective: c(x, P) =
d�

i=1

P(i) γ(x, i)

Optimizer: x�(P) � argmin
x�X

c(x, P)



Separation of Estimation and Optimization

estimator Pest

estimator Pest

objective

optimizer�

c(x, Pest)

x�(Pest)

Estimator not tailored to optimization problem!=�

Phase 1:

Phase 2:

�ξ1, ξ2, . . . , ξT

training data � PT



Predictors & Prescriptors
Idea: 

Predictor: 
Prescriptor: x̂(ξ1, . . . , ξT) � argmin
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Data-Driven Predictors & Prescriptors

“Compressing” the statistical information:
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Definition: 
Predictor: 
Prescriptor: 

ĉ(x, P̂T)

x̂(P̂T) � argmin
x�X

ĉ(x, P̂T)



Data-Driven Stochastic Programming

�ξ1, ξ2, . . . , ξT

training data � PN

�

predictor

prescriptor

ĉ(x, P̂T)

x̂(P̂T)

Examples:  

SAA predictor 

Plug-in predictor 

DRO predictor 

etc.

ĉ(x, P̂T) = c(x, P̂T) = 1
T

�T
t=1 γ(x, ξt)

ĉ(x, P̂T) = c(x, Pest(P̂T))

ĉ(x, P̂T) = max
P�P(P̂T)

c(x, P)



Out-of-Sample Disappointment 

Mean-squared error: EP�
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Disappointment

c(x, P) > ĉ(x, P̂T)



Out-of-Sample Disappointment 

Mean-squared error: EP�
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P�
�
c(x, P) > ĉ(x, P̂T)

�
Out-of-sample disappointment:

Positive surprise

c(x, P) < ĉ(x, P̂T)

Disappointment

c(x, P) > ĉ(x, P̂T)
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less conservative than    :ĉ2ĉ1
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co
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ĉ1, ĉ2 incomparable

ĉ1(x, P�)

ĉ2(x, P�)

less conservative than            :(ĉ1, x̂1) (ĉ2, x̂2)

(ĉ1, x̂1) �X (ĉ2, x̂2) �� ĉ1(x̂1(P�), P�) � ĉ2(x̂2(P�), P�) �P�



Optimizing over Optimization Problems
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�C ĉ
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ĉ

ĉ�
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Optimizing over Optimization Problems

minimize
ĉ�C

�C ĉ

subject to limsup
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1
T
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�
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The best predictor:

The best predictor-prescriptor pair:

minimize
(ĉ,x̂)�X

�X (ĉ, x̂)

subject to limsup
T��

1
T
logP�
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Large Deviation Principles

I(P�, P) =
d�

i=1

P�(i) log
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�
Relative entropy:

estimator 
realization

data-generating 
distribution



Large Deviation Principles

I(P�, P) =
d�

i=1

P�(i) log
�

P�(i)
P(i)

�
Relative entropy:

liminf
T��

1
T
logP�(P̂T � D) � � inf

P��intD
I(P�, P)

limsup
T��

1
T
logP�(P̂T � D) � � inf

P��D
I(P�, P)

Weak LDP: If ξ1, ξ2, . . . � P i.i.d. and D � P , then:



P�(P̂T � D) � e�rT

r = inf
P��D

I(P�, P)

P

D

P

r

P�(3)

P�(2)

P�(1)

Large Deviation Principles



Distributionally Robust Predictors/Prescriptors

x̂r(P�) � argmin
x�X

ĉr(x, P�)

Distributionally robust predictor:

ĉr(x, P�) = max
P�P

c(x, P)

s.t. I(P�, P) � r
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Distributionally Robust Predictors/Prescriptors

x̂r(P�) � argmin
x�X

ĉr(x, P�)

Distributionally robust predictor:
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s.t. I(P, P�) � r
estimator 
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Meta optimization problem (MOP):



Feasibility 
Theorem: If r � 0, then ĉr is feasible in (MOP).
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Feasibility 

c(x, P) > ĉr(x, P�) =� c(x, P) > max
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=� I(P�, P) > r
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Optimality
Theorem: If r > 0, then ĉr is strongly optimal in (MOP).



Optimality
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0) < ĉr(x, P�
0)

Theorem: If r > 0, then ĉr is strongly optimal in (MOP).
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Optimality

�r < �r0 � � inf
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Properties of Optimal Predictor

Unique strong solution of (MOP) 

Has distributionally robust interpretation 

Worst-case expectation over relative entropy ball 

      decay rate of out-of-sample disappointment 

Tractability 

Convex program for generic 

SOCP with          hyperbolic constraints for empirical  

Explicit finite sample guarantee (no unknown constants)

P�

O(T) P�

r =
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